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Abstract 

In this paper we focus on the global-in-time existence and the 
n , ' pointwise estimates of solutions to the initial value problem for the 

.^ | semilinear dissipative wave equation in multi-dimensions. By using 

the method of Green function combined with the energy estimates, 
we obtain the pointwise decay estimates of solutions to the problem. 
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o\ '. 1 Introduction 

CN 

In this paper we consider the initial value problem for the semilinear dissi- 
q ■ pative wave equation in n(n > 1) dimensions, 

00 ' 

{n + d t )u{x,t) = f(u), xeR n , t>0, (1.1) [jLa_ 

;^~j ■ with initial condition 

(u,d t u){x,0) = (u ,ui)(x), x e R n , (1.2) |_IC_ 

where D + d t = df — A x + d t is the dissipative wave operator with Lapla- 
cian A x = ^ d%., f(u) = — \u\ e u, 9 > is an integer. Equation flop is 

often called the semilinear dissipative wave equation or semilinear telegraph 
equation. 

There have been many results on the equation (11171 j) and its variants cor- 
responding to the different forms of f(u). By employing the weighted L 2 
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energy method and the explicit formula of solutions, Ikeha 



ehata, Nishihara and 
Zhao Iffpobtained that the behavior of solutions to flop as t — > oo is ex- 
pected to be same as that for the corresponding heat equation, Nishihara 
l fT5] studied the global asymptotic behaviors in three and four dimensions, 

hao | T9] obtained the decay properties of solutions to 




and Nishihar 
the problem 
property of solutions to 
IP — L q estimates, and Ono 

case of solutions to flop in unbounded domains in R JV without the smallness 
condition on initial data. Also, recently Nishihara, etc. in fTo^TTp stud- 
ied the following semilinear damped wave equations with time or space-time 
dependent damping term, 



washima, Nakao and Ono lp] studied the decay 
by using the energy method combined with 
2TTfderived sharp decay rates in the subcritical 

N without. the si 



u u - Au + b(t)u t 



\u\ p - l u 



0. 



1.3) [nl 



and 

u tt — Am + bit, x)u t + \u 

where p > 1, b{t) = 6 (1 + t)~ p with b Q > 
6 (1 + \x\ 2 )~% (1 + t)~P with b 
obtained the global existence a 



p-i 



u 



0,-1 < (3 < 1, 




the weighted energy method. (IITT3P and ( IHT4P with the, 
yield ( lop . For studies on the case f(y t ) = \ii\ e u, see 



(1.4) 

and b(t, x) = 

0,/3 > 0,a + /3 e [0,1), and 

cay rate of the solution by using 



studies on the case f(u) 



+i 



sec 
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-r2r7T722773-, 



3-p7K;TZ7V^7r 



tor 



and for studies 



on the global attractors, see Ijll'ilUj and the references cited there. 

The main purpose of this paper is to study the pointwise estimates of so- 
lutions for (IO |flOp . In fn] . Liu and Wang studied the corresponding linear 
problem, i.e. f lop with f(u) = and flop , and obtained the pointwise esti- 
mates of solutions. In this paper, we first obtain the global-in-time solutions 
by energy method combined with the fixed point theorem of Banach, and 
then obtain the optimal pointwise decay estimates of the solutions by using 
the properties of the Green function proved in 111] combined with Fourier 
analysis. One point worthy to be mentioned is that, different from that for 
solutions to the corresponding linear problem, the order of derivatives with 
respect to time variable t of solutions does not contribute to the decay rate 
of solutions due to the presence ,of .the semilinear ri term, which could be seen 

Tpfil rpfi Trl Jlr ' 

from f lb.4p in Theorem IIZ4I and (jb.lj) in Theorem II5T1I 

The rest of the paper is arranged as follows. In section 2, the main results 
are stated. We give the proof of Proposition IET3I and then obtain the global- 
in-time existence of solutions in section 3. In section 4 we give estimates on 
the Green function by Fourier analysis which will be used in the last section 
where the proof of Theorem IET4I is given. 
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Before closing this section, we give some notations to be used below. Let 
J-"[/] denote the Fourier transform of / defined by 

and we denote its inverse transform by J 7-1 . 

For 1 < p < oo, L p = L p (M. n ) is the usual Lebesgue space with the norm 
|| ■ \\lp- Let s be a nonnegative integer. Then H s = H s (W a ) denotes the 
Sobolev space of L 2 functions, equipped with the norm 



s 



ll/lk-:=( k 2jll#/lli> 

fc=0 

In particular, we use || • || = || • || L 2, || • || s = || ■ \\ H s. Here, for a multi-index 
a, D" denotes the totality of all the |a|-th order derivatives with respect 
to x G M n . Also, C k (I; H s (W n )) denotes the space of /c-times continuously 
differentiable functions on the interval I with values in the Sobolev space 
H s = H s (R n ). 

Finally, in this paper, we denote every positive constant by the same 
symbol Core without confusion. [ • ] is Gauss' symbol. 

2 Main theorems 

The first main result is about the global existence of solutions to the initial 
value problem fiopfiop . 

ge I Theorem 2.1 (Global existence). Let 9 > be an integer. Assume that 
(u ,ui) G H s+1 {R n ) x H s (W n ), s > [f] , put 

Eq := ||%||k s + 1 + ll M i||ff s - 
I I a I TC 

Then if Eq is suitably small, (IITTip (JOJ) admits a unique solution 



s+l 

// 

i=0 



G f]C i ([0,oo);H s+1 -\M: rl )), 



which satisfies 

s+l rt s+l 



E W d tu(t)\\ 2 s+ i-i + [ (\\Vu(t)\\1 + J2 \\d>(r)\\ 2 s+1 ^)dr < CE 2 . (2.1) [^T 
^o 



i=0 J ° i=\ 



le 



pe 



Theorem 11271 1 is proved by combining the local existence of solutions stated 
in the following Theorem IBT2I with a priori estimate in the following Propo- 
sition I 



Theorem 2.2 (Local existence). Let 9 > be an integer. Assume that 
(u ,ui) E #jl +1 (lR!lVx H s (R n ), s > [|], then there exists T > and a unique 
solution to (lop flop satisfying 

8+1 

«6 [ > \C i {[0,T)\H' +1 -*{R n )). 

i=0 

The proof of the local existence result is based on the fixed point theorem 
of Banach and standard argument, so the detail is omitted. 
Based on the a priori assumption 

sup ||n(t)|| L oo <S, (2.2) 

0<t<T 

where s > n is an integer and 5 < 1 is a small constant, the following a priori 
estimate is obtained. 

ae | Proposition 2.3 (A priori estimate). Under the same assumptions as in The- 
orem IJTl} let u(x,t) be the solution to (lOpflOp which is defined on [0,T] 
and verifies (B2T2p . then the following estimate holds, 

sup{]£||$u(t)||i.i-J+ / {\\Vu{r)\\l + Y,\\d>{r)\\ 2 s+l ^)dr <CEl 

0<t<T . =Q Jo i=1 

(2.3) " 

Remark 1. In flop . f{u) = — \u\ e u is called absorption term which 
makes it possible to close energy estimates. Otherwise, if f{u) = \u\ e u, then 
Theorem ET1I does not hold, since the lower-order term present in the energy 
estimates could not be controlled. 

The second main result is about the pointwise estimate to the solution 



aa 



ael 



Theorem 2.4 (Pointwise estimate). Under the same assumptions as in The- 
orem lETi} if s > n, 8 > 2 + [-], and for any multi-indexes a, \a\ < s — | ; 
there exists some constant r > max{|, 1} such that 

|Z)-no(a:)| + |^>i(x)| < C(l + |x| 2 )" r , 

11a JTR 
then for h > satisfying \a\ + h < s — n, the solution to (ITTip f lOp obtained 

in Theorem ETil satisfies the following pointwise estimate, 

I |2 
3hrv*„ ' •- - — - .s_!!+M/. \X\ 



\d?Dy(x,t)\<CE (l + t)-^(l + f^- t )- r . (2.4) h?eT 



Remark 2. From the estimate in Theorem IE741 we see that the order 
of derivatives with respect to t of the solution obtained in Theorem 11271 1 has 
no effect on the decay rate of the solution, as is different^ from that for the 
solution to the corresponding linear problem studied in pi J. 

As a direct corollary of Theorem B274I we have 
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Corollary 2.5. Assume that the same assumptions as in Theorem W^ hold, 



then for p E [1, oo], \a\ + h < s — n, the solution to (lop ( 11172 j) satisfies, 

\\d^u(;t)\\LP < CE (1 + ty^ 1 -^-^. 

3 The global existence of solutions 

First we give a lemma which will be used in our next energy estimates. 

|T| Lemma 3.1. Let n> 1, 1 < p, q, r < oo and - = - + -. Then the following 
estimate holds: 

\\d k (uv)\\ LP < C(\\u\\ Lq \\d k x v\\ L r + ||^|U,||^|U0 (3.1) [dT 

for k > 0. 



Proof. The estimate (11371 p can be found in a literature but we give here a 
proof. To prove (1371 p . it is enough to show that, for k\ > 1, hi > 1 and 
ki + k 2 = k, the following estimate holds: 

\\d^ud k x *v\\ LP < C(||«|U,||^t;|Ur + \\v\\ Lq \\d k x u\\Lr). 

Let 9j — ~ti j — 1, 2, and define pj, j = 1, 2, by 

-- k -t = {i-e 3 ) l - + e 3 { l -- k -). 

p 3 n q r n 

Since 6i + 6 2 = 1, we have - = — + — . By using the Holder inequality and 
the Gagliardo-Nirenberg inequality, we have 

\\a^ud^v\\LP < \\d kl u\\ LPl \\d k x 2 v\\ LP2 

<C(\\u\\ L 4d k M\ L rY 2 (\\v\\L4d k x U\\Lrr 
<C(\\u\\ Lq \\d k v\\ L r+\\v\\ Lq \\d k u\\ L r). 

In the last inequality, we have used the Young inequality. Thus (1371 p is 
proved. □ 



1 1a I TC 

Now, let T > and consider solutions to the problem (IHTip . ( IHT2p , which 
are defined on the time interval [0,T] and verify the regularity mentioned in 
Proposition B2T3I we derive energy estimates under the a priori assumption 



By multiplying (10 p with Ut and integrating on W 1 x (0, t) with respect 
to (x, t), we get 

\\u t (t)\\ 2 + \\Vu(t)\\ 2 + [ \u\ e+2 (x,t)dx + [ \\u T (T)\\ 2 dT<CEl (3.2) 

JW 1 Jo 



Va, 1 < \a\ < s, by multiplying -Dgf IPp with D%u t and integrating on 
x (0,£) with respect to (x,t), in view of Lemma IB. II and (M2T2p we get 

\\D>t(t)\\ 2 + \\D«Vu(t)\\ 2 + £ \\D«u T {T)\\ 2 dT 
<CE 2 + Cf*\\u(T)\\ 2 L L\\Dy(T)\\ 2 dT 

<CE 2 + C5f*\\D«u(T)\\ 2 dT. 
By taking sum for a with 1 < |a| < s, it yields that 

\\V<t)\\l-i + llV 2 n(t)||^ + Jl \\Vu T (r)\\Udr 
<CEl + C8 fjVu{r)f s _ x dr. 



3a0 



(3.3) [|a 



By multiplying f lliTTJ ) with w and integrating on W 1 x (0,t) with respect 
to (x, £), by virtue of ( IkOp we get 

Ht)\\ 2 + H l|Vn(r)|| 2 rfr + ^ J Rn (\u\^)(x,r)dxdT 

(3.4) [|b 
< C(E 2 + ||n t (t)|| 2 + £ \\u T (r)\\ 2 dr) < CE 2 . 

Va, 1 < \a\ < s, by multiplying Dg flOp with D"u and integrating on 
M. n x (0,t) with respect to (x,t), by virtue of Lemma |g. II we get 

\\D a x u(t)\\ 2 + Jl \\D«Vu(T)\\ 2 dT < C(E 2 + \\D«u t (t)\\ 2 + Si \\D-u T {r)\\ 2 dr) 

+C St\\u{T)\\^\\D-u{r)fdr. 

By taking sum for a with 1 < |a| < s and in view of (B3T3P and dB72 j) . it 
yields that 

\\Vu{t)\\U + f l|V 2 «(r)||2_idr < CE% + CS f \\Vu{r)f a _ x dr. (3.5) \^\ 
Jo Jo 

6 



and flESH) yield that 



Ht)\\ 2 s+1 + \\u t (t)\\ 2 s + Al|Vti(r)||2 + \\u T (r)\\ 2 s )dr < CE%. (3.6) 

Jo 



Proof of Proposition [Ql To prove (12. 3 1) in Proposition B2T3[ it is enough to 
prove that the following estimate holds for V7t G [1, s + 1], V£ € [0,7"]. 

E mu(t)\\ 2 s+ i-i + Al|V«(r)||2 + E II^Mfci-*)^ < C£ 2 . (3.7) 
i=o ^ i=l 

It is obvious that (II3T7P holds with h — 1 by virtue of (EEL Assume that 
holds with h = j(l < j < s), next we will prove that (M3T7P holds with 

From (limp , by using induction argument we could prove that the following 
two equalities hold for k > 1, 

dt k u(x, t) = a 2k A k u(x, t) + b 2k A k ~ 1 u t (x, t) 

+P{A i u(x, t), AH t (x, t), < i < k - 1, < j < k - 2}, 

(3.8) 
df +1 u(x, t) = a 2k+1 A k u(x, t) + b 2k+1 A k u t (x, t) 

+P{A i u(x, t), Ai Ut {x, t), < i < k - 1, < j < k - 1}, 

(3.9) 
where a 2k , a 2k+ i, b 2k , b 2k+ i are constants, P{A % u(x, t), A^u(x, t), < i < 
k — 1, < j < k — 2} is a polynomial with arguments A l u(x, t), A^u(x, t), < 
i < k-l,0< j < k-2. 

Let t = in (iS.s'|i l jp.U|) . we have for k > 1, 

dt k u(x, 0) = a 2k A k u (x) + b 2 k^ k ~ 1 Ui(x) 

+P{A i u (x), A%i(a;), < i < k - 1, < j < k - 2}, 

(3.10) 
df +1 u(x, 0) = a 2k+1 A k u (x) + b 2k+l A k Ul {x) 

+P{A i u {x), A%i(x), < i < A; - 1, < j < k - 1}. 



on. M™ x (0,t) with respect to (x, t), in view of (IET7P with h = j, ( 1371 Op and 
IHTj) we get 

\\D« x d{ +1 u(t)\\ 2 + H /«. \\D-d^u(r)fdT < CEl 



3d 



3e 



even 



odd 



3h 



Va, \a\ < s — j, by multiplying Dgd/ flOj) with -D"<9^ + m and integrating 



By taking sum for a with < \a\ < s — j, it yields that 



\\d{ +1 u(t)\\U + f WHrW-idr < CEl 
Jo 

|3f 



(3.12) 



3f 



with h = j and (1371 2 p yield that 

i+i ,t J+ 1 



E IW«(*)II2+i-i + / (IIV«(r)||2 + E ll^«Wlli-i-i)dr < C£ 2 . (3.13) 

t=0 Jo t=l 



3g 



It means that (IB77P holds with h = j + 1. Thus by induction method, we 
complete the proof of Proposition 12731 □ 

Now we give the proof of Theorem 112711 

Proof of Theorem HTJL By virtue of the a priori estimate (12. 3 p in Proposition 
IE731 we can continue a unique solution obtained in Theorem 1272 1 globally in 
time, provided that E is suitably small, say, E < S , 5n depends only on 
5 in (1272 p . The global solution thus obtained satisfies (jB.'lp and (IE72p . This 
finishes the proof of Theorem IB711 D 



4 Estimates on Green function 

In this section, we list some formulas and properties of the Green function 
obtained in IJTlJ to make preparation for the next section about the pointwise 
estimates of solutions. 

The Green function or the fundamental solution to the corresponding 
linear dissipative wave equation (i.e. f(u) = in (10 p ) to (1171 p satisfies 



' (n + d t )G{x,t)=0, xeR n , t>0, 

G(x,0) = 0, xeR n , 

k d t G(x,0) =5(x), x eR n . 

By Fourier transform we get that, 

f {dj + fyGfo t) + |e| 2 G(^, t) = o, eer,t> o, 



< G(e,0) = 0, 
, 9 4 G(e,0) = l, 



ee 



£e 



The symbol of the operator for equation flop is 

a(n + d t ) = T 2 + T+\Z\ 2 , (4.1) \^\ 

t and £ correspond to -£■, and 77=1^-7, j = 1,2, ••• ,n. It is easy to see 

that the eigenvalues of f lop are r = (A±(£) = |(— 1 ± a/1 — 4|£| 2 ). By direct 
calculation we have that 

G(£,t) = (l-4|£| 2 )-5( e ^ ( « )i -e^ (5)t ). 

For convenience we decompose G(£, t) = G + (£,£) + £r (£,£), where 

G±(e,t) = i^-v^o, A*o(e) = (i - 4iei 2 )*- 

Let 

r 1, 1^1 <e, r 1, iei>i2, 

Xi(0 = < Xa(£) = < 

I 0, |e|>2 £ , [0, \£\<R-l, 

be the smooth cut-off functions, where e and R are any fixed positive num- 
bers satisfying 2e < R — 1. 

Set 

x 2 (0 = i-xi(0-x 3 (0, 

and 

G', ± (£,t) = X,(0G ± (£,t), »= 1,2,3. 

We are going to study Gf(x,t), which is the inverse Fourier transform cor- 
responding to Gf(£,t). 

Denote Bn(\x\, t) = (l + j^)~ N . First we give two propositions regarding 



TTT24. 



to Gi(x,t) and G 2 (x, t), the proof can be seen in 

21 Proposition 4.1. For sufficiently small e, there exists constant C > 0, and 
N > n such that 

\$D2Gi(x,t)\ < C N r in+ W +2h)/2 B N (\x\,t). 

22 Proposition 4.2. For fixed e and R, there exist positive numbers m , C and 
N > n such that 

\d?D«G 2 (x 7 t)\<Ce-^B N (\x\ 7 t). 

Next we will come to consider Gs(x,t). Now we list some lemmas which 
are useful in dealing with the higher frequency part. 

9 



23] Lemma 4.3. 7/supp /(£) C R := {£; |£| > R}, and /(£) satisfies 

1/(01 < c, i^/(oi <cir H/31 , i/3i>i, 

i/ien i/iere exzsi distributions fi(x), f2(x), and constant Co such that 

f(x) = f 1 {x)+f 2 (x) + C 6(x), 

where S(x) is the Dirac function. Furthermore, for positive integer 2N > 
n + |a|, 

\D«h{x)\<C{l + \x\ 2 y N , 

II/2IU 1 < C, supp f 2 (x) C {x; \x\ < 2ei}, 

with S\ being sufficiently small. 

Lemma 4.4. For any N > 0, r > 0, we have that 



24 



:i + 



i 2 i=i 



1 + r 



-JV 



ds z <c(i + ty N (i + 



\x\ 



-N 



t-t , \x+tz\ 2 \-N I 



1 + r' 

2 



-AT 



r ]z |<i VTTt 1 + r' 

The proof of Lemma B~3I and Lemma KHI can be seen in l[ 

The following Kirchhoff formulas can be seen in 



25 Lemma 4.5. Assume that w(x,t) is the fundamental solution of the follow- 
ing wave equation with c = 1, 

w tt — c 2 Aw = 0, 
w\t=o = 0, 

k d t w\ t =o = S(x). 

There are constants a a , b a depending only on the spatial dimension n > 1 
snc/i t/iat, p6 C 00 ^"), then 



(w * 



h)(x,t)= Yl a ^ H+1 [ D a h{x + tz)z a dS, 

n^l„l^2i=3 ^ 1*1=1 



0<H<^ 



(tw t * /i)(x, t)= V & Q £ H / D a /i(x + tz)z a dS z 



0<|a|< 



10 



for odd n, and 

(w*h)(x,t)= V aj a \ +1 [ ^-^ 

*h)(x,t)= J2 b « tH I 

0<|«|<f |z| 

for even n. Here dS z denotes surface measure on the unit sphere in 



0<|a|<^ 

v • , ,, i D a h(x + tz)z a , 



0<|a|<§ J l-I<! Vi-Fl 



By denoting A^ = y/rj — 4 and then taking the Taylor expansion for A^ in 
i], we have that 



m— 1 



X v = 2 V / ^I + J2 a jV J + 0(r] m ). 

3=1 

Since 

M « = =I±vTHE = i ( _ 1± i,i^^), 

we have that, when £ is sufficiently large, 

1 m— 1 

MO = ^(-1 ± 2v^T|ei ± (£ %I^ 1_2J ')) + O^l 1 ' 21 



3=1 



^(0 = — ^==j=p = iei _1 (-^ + o(ier 2 )). 

This implies that 

TO— 1 

e M±(0* = e -*/2 e ±V=T|C|t( 1 + ( £ (± aj )|£|l-2, )t + . . . 

i=i 

m— 1 
3=1 

where #*=(£,*) < (l + t) m+1 (l + l^l) 1 " 2 ™ 
Denote 

ufot) = (27r)^ 2 sin(|e|t)/|e|, rfc = (27r)-/ 2 cos(|e|t). 
Since 

11 



By a direct and a little tedious calculation we get that, 

h-1 2m~2 

%G a (£,t) = e~ t/2 w t (E pI^WO + Epyt#) + ^(et)) 

3=0 j=l 

h 2m-2 

+e- t / 2 w(EP 2 i j (t)qW+ E P§,(t)&(0 + #&*)), 

3=0 3=1 

here 

pJ,-(t)<C r (l + t) fc - 1 ^, g 1 1 J (0 = X3(0KP, 0<j</i-l; 

^(t)<C(l+t)^', ql^)=X^m\- J , l<J<2m-2; 

P!,(t) < c(i + t) h -\ ql^) = xsCOieK, < J < fc; 

p 2 2j (t)<C(l + t) h+ \ q 2 2j (ti)=X3(m- J , l<J<2m-2; 

i^(e,t)i, i^ 2 (e,i)i < c(i + tr +i (i + ici)^ 1 - 2 ™ 

In the following we denote gy(D :c )(0 < j < h — 1), g 2 J (Z) a; )(0 < j < 
h), q l 2j (D x )(Q< 3 < 2m -2), g|(Lg(0 < j < 2m -2), u^D*,*), w t (D x ,t), 
R l (D x , t), R 2 (D X , t) the pseudo-differential operators with symbols ?y(£)(0 < 
j < /i - 1), ^-(0(0 < j <ty, ^(0(0 < J < 2m - 2), g|.(O(0 < j < 
2m — 2), u/(£,£), w t (^,t), R}(^,t), R 2 (£,,t) respectively. It is easy to get 
that, for any multi-indexes /3, |/3| > 1, 

\D^(0\<C\^-^, 1^.(01 <CK|- 1H/31 , l<J<2m-2; 
\Dfxs(0\ < C\£\- l -W, \D^m- l x 3 (0)\ < tf|£|-Hfl ; 
supp q\ 3 {0 <J<h-l), supp g*,(0 < J < /l) C O b _i = {£; |£| > R - 1}; 

supp g^(l < j < 2m - 2), supp g|(l < j < 2m - 2) C B _i. 
By Lemma IfOI we have the following lemma. 

28 Lemma 4.6. For R being sufficiently large, there exist distributions qh(x), 
qlj(x), < j < h - 1; g^.(ar), g 2 jO), < j < h; q\ 3 {x), g^-(x), 1 < j < 
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2m — 2; q%j(x), q^j(x), 1 < j < 2m — 2 and constant C such that 
qlj(D x )S(x) = (-A)i(^. + q\j + C S(x)), < j < h - 1; 

gJ,-(A,)<$(a;) = (-A)i(^- + ^ + C 5(x)), < j < h; 
q l 2] {D x )5{x) = q\ 3 + ~q\ 3 + C 5(x), 1 < j < 2m - 2; 
<&(Ar)<*(aO = 4- + ?|- + Co<J(x), 1 < j < 2m - 2; 



and 



\x\ 2 )- N ; 



\B2qlj\iO <j<h-l), \D^\(0 < 3 <h)< C{1 

1^^1(1 < j < 2m - 2), \D^f 2j \(l <j<2m-2)< C(l + |x| 2 )-^; 

Uljh^O < j <h-l), ||^|Ui(0 < j <h)<C; 

II^IMl <J<2m- 2), ||g 2 2 ,|| L i(l < j < 2m - 2) < C; 

supp ^(0 < j < h — 1), supp g 2 j(0 < j < h) C {x; \x\ < 2si\; 

supp ?2j(l — J — 2m — 2), supp ^-(l — J — 2m — 2) C {re; |x| < 2ex}, 

w£/i &! fejng sufficiently small. 

Let 

Qy^) = ^) + ^(a), < j < /i - 1; 

g 2 .(x)=^.(x)H-C 5(x), 0<j<h; 
Qljfr) = ?2*(aO + CoW, 1 < J < 2m - 2; 

31*0*0 = ^W + Co«5(x), 1 < j < 2m - 2, 

L}.(:M) =pi J -(t)«; t (I> a; ,t)(-A)^gl J .(x), < j < h- 1; 
^.(M) =p?,(t)^( J D :E! t)(-A)ig 2 J (x), < j < h- 

L 2j {x,t) = pl^wtiD^^Ql^+pl^wiD^^Qljix), 1 < j < 2m - 2, 
we have the following proposition. 

13 



and 



29 Proposition 4.7. For R sufficiently large, there exists distribution 

h-l h 2m- 2 

i=0 j=0 i=l 

s«c/i t/iat /or m > [ |ct| " 2 ], we have that 

\D:(d?G 3 -Kt)(x,t)\ < Ce-^B N (\xlt). 

The proof of Proposition IH~7I can he seen in pi] . 

By Proposition fell Proposition KT2I and Proposition vUI\ we have the 
following proposition on the Green function. 
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Proposition 4.8. For any integer h > 0, any multi-index a, and m > 
[ "2 ]) we have that 

\D«(d?G-Kt)(x,t)\ < C(l+t)-( n+ W +2h y 2 B N (\x\,t), 

where N > n can be big enough. 



5 Pointwise estimates 

In this section, we aim at verifying that the solution obtained in Theorem 
IEOI satisfies the pointwise decay estimates expressed in Theorem | 



By Duhamel's principle, the solution to fiop f iop can be expressed as 
following, 

u(x,t) = G(x - -,t) * (u + ui)(-) + d t G(x - -,t) *u {-) 

-J*G{x--,t-T)*{\u\ e u){-,T)dT. 

We denote the solution to the corresponding linear dissipative wave equa- 
tion as u, then 

u(x,t) := G(x - -,t) * (u +«i)(-) + d t G(x - -,t) * Uq(-). 

Denote 

u(x,t) := / G(x — -,t — t) * (\u\ e u)(-,T)dT, 
Jo 

then tha solution u to (lop can be expressed as: u = u — u. 



In 



fTT] . the following pointwise estimate of the solution u to the linear 



problem is obtained. 
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]_ r I Theorem 5.1. ^M Assume that (uo,ui) G H s+1 x H s ,s > n is an integer, 
and for any multi-index a G Z n , |a| < s — |, there exists r > | snc/i that 
\D"uq(x)\ + l^-u^x)! < C(l + |x| 2 )~ r , t/ien t/ie solution u satisfies, for 
\a\ + h < s — n, 



41 
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\d?Dy(x,t)\ <C(l + t)- (n+H+2fe)/2 (l4-^^)- r '. (5.1) [T^T 

Now we give some lemmas which will be used later. 

Lemma 5.2. Assume n > 1, then the following inequalities hold, 
(1). If re [0,t], and A 2 > t, then 

A 2 1 4-t A 2 



i + r ~ v i + r v l + r 

(2). If A 2 < t, then 1 < 2 n (l + ^)" n . 
Lemma 5.3. Assume that < r < t and h(x, r) satisfies 



D a x h(x, r) < C(l + r)~^(l + -S-)-, 

1 + T 



(1). L =1 | J D:^ + te,r)|^<C(l + r)-^^(l + t)^(l + ^)- 



i/ien we /jai>e that, 

( 2 )- Ji.|<i ^gg=^ < C(l + r)-^^(l + tr(l + gl)-. 

Proof. (1). By using Lemma (jO^ i. 

Jj z|=1 \D«h(x + tz,r)\dS, < Cfi(l + r)~^(l + J^)-^, 

<C(l + T)-^(l + t)*(l + J£)- 

(2). By Holder inequality and Lemma (pop ?. 

r \D«h(x+tz,T)\ d y^ 

Thus we complete the proof of Lemma M5T3I D 
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Proof of Theorem j§74\ For s > n, denote 

<p a (x,t) := (1 + t)^(B r (\x\, t))-\ r > §, 

M(T):= sup \D%d!?u{x,T)\ip a {x,T). 

(x,t) £l"x [0,T) 
\a\ + h < s — n 

Now we come to make estimates to u(x,t) under the assumption that s > n 
aad0>2 + [±]. 

By induction argument, we obtain the following expression, 

d?u(x,t) = d£f*G(t-r) * {\u\ e u){r)dT 

= E + 9>G{t) * di h - 1)+ ~ j (\u\ e u)(0) + f* G(t - r) * d^(\u\ e u)(r)dr 

=■ Jx + J2, 

(5.2) 
where (h — 1)+ = max {h — 1, 0}. 

From ( B3710p and (1371 ip . we know that d\ _ 3 {\u\ e u){x, 0) is a polyno- 
mial with arguments A*wo(x) and A k ui(x), < % < [ '~ ; ! + ~ J ], < fc < 
[ ~ 2~ J ~ ]• ^ty usm S the similar estimates as that for u in IJTlj, we obtain 
the following estimate for D^Ji, 

\B%Ji\ < CE (1 + t)~^ B N (\x\, t). 
As for the estimate to D^J 2 , we divide it as following , 

D a j2 = Q 4 :W < % , } D£{G - K°J(x -y,t- r)d h T (\u\ e u)(y, r)dydr 
+ So I { y.\ x \>2\y\ } D ^ G ~ K °J( X -Vit- r)d^\u\ 9 u)(y, r)dydr 
+ 4 hy:\*\<2\y\}( G - K "n)( x ~ V>* ~ r) D^ (\u\ e u) (y , r)dydr 

+ /| hy:\*\>2\y\}( G ~ K rn)( X ~V^~ t) ®y % (|«| 6 '«) fo , t)^T 

+ J? /*„*&(* -j/,t- r)D^(|«|"«)(y,r)dydr 

= : J21 + J22 + <^23 + <^24 + ^25- 

Next we estimate J 2 j(i = 1, 2, 3, 4, 5) respectively by using Proposition fi.sl 
(with N > r) and the fact that B(\x\,t) < 1 and is an increasing function of 
t and decreasing function of \x\ . 
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By the definition of M(T), we have that 

'{»:W<2|j/|} 



Jail <G/ »/ {s:N < 2 | I ,| } (l + *-^- 2 * L ^(|ar-yU-r) 



Now we estimate J21 in two cases. 
Case 1. \x\ 2 > t. We have 

I J 21 | < CM{T)^ J* 4 :W < %|} (1 +^)-^ 

-Bjv(|x — y\,t — r)(l + r) 2 5 r (|x|, r)dydr 

< CM(T)^B r (\x\,t) J* 4 :N < %|} (1 + * - r)-^ 

SiV (| x _ y |, t _ r )(i + r )-^^(i±i)^ ydr 

< CM(T)^B r (\x\,t) / *(1 + t - r)"¥(i + r )-^(I±i)f dr 
<CM(T) e + 1 J B r (|xi,t)(lH-t)-^, 

here in the second inequality we used Lemma Id72I (1). 
Case 2. \x\ 2 < t. We have 

I M < CM(T)^ J} 4 :N<%|} (1 + 1 - r)"* 
(1 + r) s £ r (|y|,r)dydr 

<CM(T) w (l + t)"^ 
<CM(T) 0+1 B r (\x\,t)(l + $-**$?■, 

here in the last inequality we used Lemma Id72I (2). 
Combining the two cases, we have that 

\J2i\<CM(T) e+ \ Va (x,t))-\ 

For J 22-, we have 

IJ22I ^^^/^.^^(l + t-rr^B^lx-yl^-r) 

noticing that if |x| > 2|y|, then |x — y| > ^, it yields that 

|J 22 | <C7M(T)^/o f 4: W >Wl+*-T)-^ 

fiAr(|x|,t)(l + r) a S r (|j/|,r)d|/dr 

< CM^^S^dxl,*) //(l + t - r)-^(l + ry^dr 
<CM(T) e+l B N (\x\,t)(l + ty^ 
<CM(Ty+\if a (x,t))-\ 
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For J 2 3, by using the monotonic properties of B(\x\,t) with respect to \x\ 
and t, we have that 

\Jts\ <C 'ft / {l/: | a .|< 2 |„| } (l + * - t)-?B n (\x - i/|, t - r) 
M(r)^(l + r)- ( ' +1) "t H+afc B r (| y |, T )dyd r 
<CM(T)^jJ/ {rWslM} (l + t-r)-* 

(9 + l)n+|q|+2fc 

^at(f — ?/|,^ — t)(1 + r) 2 S r (|x|, t)dydr 

< CM(T)^B r (\x\,t) ||(1 + r)- (9+ n M+2fe d r 

< CM(T) e+1 J B r (|a;|,t)(l 2 +t)-T 

For J 24 , similar to J 22 we have that 

\Jta\ < C/t / {y: | a; |> 2 | 1/ | } (l + « - r)"5 Sjvdx — 3/|, * — T ) 

so , 1 , , (e+l)n+|a,| + 2h ,, 

M(T)» +1 (1 + t)- ! — H^ — B r (\y\, T )dydT 
<CMCn«JJ/ WHaw ,(l + t-r)-l 

/lis/ x (0+l)n+M+2fe ... . 

Bjv(|x|,t)(l + r) * S r (|j/|,r)dj/dr 

<CM(T) e+1 J B iV (|a:|,t)/ t t (l+t-r)-§(l + r)-^ ± ^ i dr 

2 

<CM(r) 0+1 J B JV (|x|,t)(H-i)- 2i:di ^ 

Finally we come to estimate J25. From the definition of K^ we have 
|^2s| = I /o / R » e'^Ploit - r)w t (D x ,t- T)(ql + C 5)(a; - j/) 

2m- 2 

+ E [P2j(* - r)w t (£> x , t - r)(^- + C S)(x - y) 
+p|.(i - 7>(L> X , £ - r)(g| + C 5)(x - y)]}Dffi(\u\ e u)(y, r)dydr\ 
^ I Jo' /r» e'^Pwit ~ t)w(D x , t - r)ql (x - y) 

2m- 2 

+ E [P2j(*-'rWA B ,t-'r)g^-(a;-j/) 

+p2.(i - rM£> x ,t - r)q 2 2j (x - y)}}D«(\u\ e u)(y,T)dydT\ 

t t-r H ~ 1 

+ 1 f* f Rn e-^{ E P?o(* - r)«;(D x , * - r) 

2m— 2 
+ E [Pl.it ~T)w t {D Xl t-T)+p 2 2j {t-T)w{D x ,t-T)}} 
3 = 1 

C 5(x-y)D«(\u\ e u)(y,T)dydT\ 
=: K x + K 2 . 

(5.3) Fj25" 
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By using Lemma R~5[ Lemma B~b} Lemma 11573 1 and the fact that (1 + 
■j^L) -1 < C(l + ]^) _1 , if \x — y\ < 2e 1; i^i can be estimated as follows, 

2m-2 

^ <CjJ/ RB e-^(g |+ E (|&| + !&!))(* "!/) 

M(T)^(l + r)- iS ^ M {l + ^)^dydT (5 ' 4) ^ 

< CM(T) W (1 + t)-^(l + g)- r . T 

By using Lemma H75I and Lemma Id73[ K 2 can be controlled by 



K 2 <Cj^e-^M(Tr\l + r)- fl± ^ ±l2l (l + ^)-*dr 
< CM(T) e+ \l + t)-^(l + ^)- r . 



(5.5) [kT 



3J) and (1575 p yield that 

|J 2 5|<CM(T) fl+1 (^ a (x,t))- 1 . 
Combining the estimates for J 2 i, i = 1, 2, 3, 4, 5, we have that 

\D^u{x,t)\<CM{T) e+1 (<f a {x,t))-\ (5.6) \^2 

Jna? J lrl I I r 

( jb.bp combined with (jb.lj) Theorem 11571 1 yields that, 

M(T) < C(E + M(T) m ). 
Since # > 2, we have that M(T) < CE if £"o is suitably small. It yields that 

\D«d?u{x,t)\ <CEo(l + t)-^B r (\x\,t). 

i pf! 

Thus Theorem 11274 1 is proved. □ 
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